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============

In 2009, Staworko and Niehren observed that equivalence for *sequential* tree-to-word transducers \[[@CR13]\] can be reduced to the morphism equivalence problem for context-free languages. Since the latter problem is decidable in polynomial time \[[@CR10]\], they thus proved that equivalence of sequential tree-to-word transducers is decidable in polynomial time. This decision procedure was later accompanied by a canonical normal form which can be applied to learning \[[@CR3], [@CR4]\]. Sequentiality of transducers means that subtrees must always be processed from left to right. This restriction was lifted by Boiret who provided a canonical normal form for unrestricted linear tree-to-word transducers \[[@CR1]\]. Construction of that normal form, however, may require exponential time implying that the corresponding decision procedure requires exponential time as well. In order to improve on that, Palenta and Boiret provided a polynomial time procedure which just normalizes the *order* in which an unrestricted linear tree-to-word transducer processes the subtrees of its input \[[@CR2]\]. They proved that after that normalization, equivalent transducers are necessarily *same-ordered*. As a consequence, equivalence of linear tree-to-word transducers can thus also be reduced to the morphism equivalence problem for context-free languages and thus can be decided in polynomial time. Independently of that, Seidl, Maneth and Kemper showed by algebraic means, that equivalence of general (possibly non-linear) tree-to-word transducers is decidable \[[@CR11]\]. Their techniques are also applicable if the outputs of transducers are not just in a free monoid of words, but also if outputs are in a free group. The latter means that output words are considered as equivalent not just when they are literally equal, but also when they become equal after cancellation of matching positive and negative occurrences of letters. For the special case of *linear* tree transducers with outputs either in a free monoid or a free group, Seidl et al. provided a *randomized* polynomial time procedure for in-equivalence. The question remained open whether for outputs in a free group, randomization can be omitted. Here, we answer this question to the affirmative. In fact, we follow the approach of \[[@CR2]\] to normalize the order in which tree transducers produce their outputs. For that normalization, we heavily rely on commutation laws as provided for the free group. Due to these laws, the construction as well as the arguments for its correctness, are not only more general but also much cleaner than in the case of outputs in a free monoid only. The observation that reasoning over the free group may simplify arguments has also been made, e.g., by Tomita and Seino and later by Senizergues when dealing with the equivalence problem for deterministic pushdown transducers \[[@CR12], [@CR14]\]. As morphism equivalence on context-free languages is decidable in polynomial time---even if the morphism outputs are in a free group \[[@CR10]\], we obtain a polynomial time algorithm for equivalence of tree transducers with output in the free group.

Missing proofs can be found in the extended version of this paper \[[@CR5]\].
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-----
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Lemma 3 {#FPar5}
-------
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To relate the computations of the $\documentclass[12pt]{minimal}
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Lemma 4 {#FPar7}
-------
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Example 2 {#FPar8}
---------
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Subsequently, we w.l.o.g. assume that each $\documentclass[12pt]{minimal}
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Beyond the availability of a compatible map, we also require that all states of *M* are *non-trivial* (relative to *B*). Here, a state *q* of *M* is called *trivial* if $\documentclass[12pt]{minimal}
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Deciding Equivalence {#Sec3}
====================
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Lemma 6 {#FPar12}
-------
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Proof {#FPar13}
-----
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First assume that the inclusion ([5](#Equ5){ref-type=""}) holds. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$ {\begin{array}{lll} v^-\cdot w_1\cdot u_1\cdot \ldots u_{n-1}\cdot w_n &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v^-\cdot v_1\cdot p_1^{k_1}\cdot u_1\cdot \ldots \cdot u_{n-1} \cdot v_n\cdot p_n^{k_n} \\ &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v^-\cdot v_1\cdot u_1\cdot v_2\cdot p_2^{k_1+k_2}\cdot u_2\cdot \ldots \cdot u_{n-1} \cdot v_n\cdot p_n^{k_n} \\ &{}\ldots &{} \\ &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v^-\cdot v_1\cdot u_1\cdot \ldots v_{n-1}\cdot u_{n-1}\cdot v_n\cdot p_n^k \end{array}} $$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k= k_1+\ldots +k_n$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_n=p$$\end{document}$, the claim follows.

The other direction of the claim of the lemma follows directly:$$\documentclass[12pt]{minimal}
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                \begin{document}$$ {\begin{array}{lll} L_1 u_1 \ldots L_{n-1} u_{n-1} L_n &{}\subseteq &{} v_1\cdot \langle p_1\rangle \cdot u_1\cdot \ldots \cdot v_{n-1}\cdot \langle p_{n-1}\rangle \cdot u_{n-1}\cdot v_n\cdot \langle p_n\rangle \\ &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v_1\cdot u_1\cdot v_2\cdot \langle p_2\rangle \cdot \langle p_2\rangle \cdot u_2\cdot \ldots \cdot v_{n-1}\cdot \langle p_{n-1}\rangle \cdot u_{n-1}\cdot v_n\cdot \langle p_n\rangle \\ &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v_1\cdot u_1\cdot v_2\cdot \langle p_2\rangle \cdot u_2\cdot \ldots \cdot v_{n-1}\cdot \langle p_{n-1}\rangle \cdot u_{n-1}\cdot v_n\cdot \langle p_n\rangle \\ &{}\cdots &{} \\ &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v_1\cdot u_1\cdot v_2\cdot \ldots \cdot u_{n-1}\cdot v_n\cdot \langle p_n\rangle \\ &{}=_{\mathcal {F}_{\mathsf {A}}}&{} v_1\cdot u_1\cdot v_2\cdot \ldots \cdot u_{n-1}\cdot v_n\cdot \langle p\rangle \\ &{}\subseteq &{}v\cdot \langle p\rangle \end{array}} $$\end{document}$$ where the last inclusion follows from ([6](#Equ6){ref-type=""}).

Let us call a non-empty, non-singleton language $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}_{\mathsf {A}}$$\end{document}$ is periodic, then so must be all non-singleton component languages. In fact, the languages in the composition can then be arbitrarily permuted.

Corollary 2 {#FPar14}
-----------

Assume for non-empty, nonsingleton languages $\documentclass[12pt]{minimal}
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Example 3 {#FPar15}
---------
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                \begin{document}$${q_0(f(x_1, x_2)) \rightarrow ab\cdot q_2(x_1)\cdot b^-a^-\cdot q_1(x_2) b}$$\end{document}$$This example shows major improvements compared to the construction in \[[@CR2]\]. Since we have inverses at hand, only *local* changes must be applied to the sub-sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$q_2$$\end{document}$ are required.

By Corollary [2](#FPar14){ref-type="sec"}, the order of occurrences of terms $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf{LT}_{\mathsf {A}}$$\end{document}$. A sufficient condition for that is, according to Lemma [6](#FPar12){ref-type="sec"}, that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}(q_k)$$\end{document}$ is periodic for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In summary, we arrive at the main theorem of this paper.
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-----
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Conclusion {#Sec4}
==========
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